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Abstract 

We review the derivation and the basic properties of the perturbative prepotential 
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1. Overview 



Duality transformations seem to play an important role in understanding the non-per- 
turbative dynamics of supersymmetric Yang-Mills theories. Several exact results have been 
obtained mainly in the cases of = 4 and N = 2 extended supersymmetry due to the 
relation of the BPS mass formula with the central extension of the supersymmetry algebra 

Duality has been established as a non-perturbative symmetry in the ultraviolet finite 
= 4 theories where, in particular, their partition function has been calculated As a 
first step towards non-trivial four- dimensional theories, N = 2 supersymmetric Yang-Mills 
provide simple examples of theories having non vanishing /^-function and exhibiting interesting 
properties such as asymptotic freedom. Every gauge boson is in the same multiplet with one 
complex scalar and a Dirac spinor. The vacuum of the theory is then infinitely degenerate and is 
characterized by the expectation values (VEVs) of the Higgs fields which break the non-abelian 
group down to its maximal abelian subgroup. The effective two-derivative action describing the 
interactions of the massless abelian vector multiplets is completely determined by its analytic 
prepotential which was computed exactly It turns out that although perturbatively there 
is a non-abelian symmetry at the point where the Higgs expectation value vanishes giving rise 
as usually to a confining phase, the exact theory is always in the Higgs phase. Moreover, there 
are points in the moduli space of the Higgs expectation values where non-perturbative solitonic 
excitations corresponding to monopoles and dyons become massless. 

Recently, there has been considerable progress in extending these results to supergravity 
in the context of superstring theory. The additional important ingredient is the conjecture of 
string-string duality according to which the heterotic and type II superstring is the same theory 
at the non-perturbative level 0]. Moreover for N = 2 supersymmetric compactifications the 
dilaton, S, whose expectation value plays the role of the string coupling constant, belongs to 
a hypermultiplet in type II string while in the heterotic case it belongs to a vector multiplet. 
Using the fact that vector multiplets and neutral hypermultiplets do not couple to each other 
in the low energy theory, this duality provides a very powerful method for extracting non- 
perturbative physics of one model from the perturbative computations in the dual model and 
vice versa 0. 

Consider for instance the ten-dimensional heterotic Eg Eg superstring compactified on 
the six-dimensional manifold x K3 with spin connection identified with the gauge connection 
which gives in four dimensions an A^ = 2 supersymmetry and a gauge group Ej^E^^ f/(l)^+^. 
One factor of is associated to the universal dilaton vector multiplet and the graviphoton, 

while the second is associated to the two-dimensional torus T^. At a generic point of 

the vector moduli space the gauge group is broken to U{iy^ and there are no charged massless 
hypermultiplets. However there are special points where massless charged hypermultiplets 
appear and their VEVs reduce the rank of the gauge group. On the other hand in the moduli 
space of hypermultiplets, there are special points where additional vector multiplets become 
massless leading to an increase in the rank. As a result one can get any rank r starting from 
r = 2 up to a maximum of 2 -|- 22 corresponding to the simple free fermionic constructions. 

The classical moduh space of vector multiplets in these theories is 



where F is the discrete T-duality group which in the simplest case is 0(2, r; Z) . At the generic 
points in this moduli space the gauge group is abelian U{lY and there are no charged massless 
states. However there are complex codimension 1 surfaces where one of the ?7(l)'s is enhanced 
to SU{2), due to the appearance of two extra charged massless vector multiplets, or some 




(1) 



charged hypermultiplets become massless. The perturbative correction to the prepotential, 
which due to the N = 2 non-renormahzation theorem occurs only at the one-loop level, develops 
a logarithmic singularity near these surfaces [§, P]. As a result the classical duality group F 
gets modified at the perturbative level |^. At the full non-perturbative level, from the analysis 
in the rigid case, this enhanced symmetry locus is expected to split into several branches where 
non-perturbative states corresponding to dyonic hypermultiplets become massless. 

This class of heterotic theories is dual to the type II superstring compactified on Calabi- 
Yau threefolds P]. The latter is characterized by the two Betti numbers bn and 612 which 
determine the number of massless vector multiplets and hypermultiplets to be 611 and 612 + 1, 
respectively, where the extra +1 is accounted for by the dilaton. At the perturbative level 
the gauge group is abelian U{lY with r = bu + 1 (the +1 accounts for the graviphoton) and 
there are no charged massless matter fields. Since the dilaton belongs to a hypermultiplet, the 
tree level prepotential is exact at the full quantum level. Moreover this tree level prepotential 
can be computed exactly, i.e. including the world-sheet instanton corrections, by using mirror 
symmetry [|10|. A generic feature of the prepotential is that it has logarithmic singularities 



near the conifold locus in the moduli space of the Calabi-Yau manifold This singularity 



is due to the appearance of massless hypermultiplets, corresponding to charged black holes, at 



the conifold locus [jT2|. It can then be understood as a one- loop effect involving this massless 
black hole in the internal line. 

The equivalence between N = 2 heterotic compactifications on X K3 and type II on 
Calabi-Yau has been checked explicitly in several examples involving rank 3 and 4 |jl3|, |14|, p^ . 
In particular it has been shown that after identifying the heterotic dilaton with a particular 
T-modulus of type II, the prepotential in the type II theory reproduces the perturbative pre- 
potential of the corresponding heterotic model in the weak coupling limit S —>■ 00. Moreover at 
finite values of S, the conifold singularity structure reproduces the exact results of the rigid su- 
persymmetric Yang- Mills theory |]14|. Finally, besides the comparison of the low energy theory. 



further non-trivial tests have been performed by analyzing the structure of higher dimensional 
interactions [|T5[] . 

In this talk, we review the derivation and the basic properties of the perturbative pre- 
potential in = 2 compactifications of the heterotic superstring. We concentrate on the 
rank-four example which involves, besides the dilaton, two complex moduli, T and U, param- 
eterizing the two-dimensional torus T^. The associated U{1) ® U{1) gauge group becomes 
enhanced to SU{2) (g) U{1) along the T = U line, and further enhanced to S0{4) or to SU{3) 
at T = U = i and T = U = p(=e^'^*/^), respectively. At these particular surfaces the one-loop 
prepotential develops logarithmic singularities. We study the corresponding monodromies and 
exhibit the resulting modifications to the classical duality transformations. The perturbative 
monodromies of the rigid supersymmetric theories at the enhanced symmetric points with the 
maximum non-abelian gauge symmetry form an infinite dimensional subgroup of the full string 
(perturbative) monodromy group. 

2. String computation of the prepotential 

The simplest way to determine the prepotential is to reconstruct it from the Kahler metric 
of moduli fields. Indeed, the Kahler potential of the effective N=2 locally supersymmetric 
theory can be written as 

K = -\n{^), Y = 2F-2F- J2 {Z - Z){Fz + Fz) , (2) 

Z=S,T,U 

where F is the analytic prepotential and Fz = dzF. Its general form is: 

F = STU + f{T,U), (3) 



where the first term proportional to the dilaton, is the tree-level contribution, and the one-loop 
correction is contained in a dilaton-independent analytic function /(T, U). In our conventions 
5* is defined such that {S) = ^ + where g is the string coupling constant and 9 the usual 
6'-angle. Higher loop corrections are forbidden from analyticity and the axionic shift, 

D: S ^ S + X , (4) 

which is an exact continuous symmetry in string perturbation theory. 
The one loop moduli metric can be obtained by expanding (^, 

i^^^ = 4°][1 + -^J+---] Z = T,U, (5) 
where the tree level metric K^22 ~ —{Z — Z)^'^ and X is given by 

^ = - \{dT - j^){du - jj^)f + c.c. (6) 

X can be computed by a one loop string calculation of an amplitude involving the antisymmetric 
tensor using the method of ref. ||16|. From the expression one can easily deduce the third 
derivative of the one loop prepotential, 

d^T^f = -i{U - UfDrdTdjjX , (7) 

where the covariant derivative = Ot + jr^- 

Since T,U belong to the coset 0(2, 2)/0(2)^, the classical duality group is in general 
a subgroup of 0(2,2) restricted into the rational numbers and in the simplest case it is 
0(2, 2; Z) ~ SL{2, Z)t ® SL{2, Z)u. Under SL{2, Z)t transformations. 



T-^Tg = -y^^ , (8) 



aT + b 

cT + d 

with a, b, c, d integers satisfying ad~bc = 1, while the physical quantity X is modular invariant. 
It then follows from eq.(|^) that dj'f is a modular function of weight 4 in T and —2 in U. 

Integrating equation (|^) one can determine / up to a quadratic polynomial in T and U, 

f{T, U) = f^^'^^ {dT'QiU, U'){T - T'fd^,f{T\ U') + {T ^ U,r ^ U')} , (9) 

J{To,Uo) 

where (Tq, Uq) is an arbitrary point, and Q{x,x') is the second order differential operator, 

Q(x, x') = ^ix- x'fdl + {x- x')d.^> + 1 . (10) 

The path of integration should not cross any singularity of dj'f , while the result of the integral 
depends on the homology class of such paths. Different choices of homology classes of paths 
change / by quadratic polynomials in T, [/. Moreover under a modular transformation (^, / 
does not transform covariantly. Using its integral representation (P), we see that it has a weight 
—2 up to an addition of a quadratic polynomial in T, U , 

f{Tg, U) = {cT + d)-'[f{T, U) + P^T, U)] . (11) 

The same transformation properties hold for the U variable, as well as for the T ^ U exchange. 
These transformations should leave the physical metric (|^), (^ invariant. Hence, one must have 

lm{{dT - j;^){du - jj^)V'iT, U)=0, (12) 



which is satisfied only if V^{T, U) is a quadratic polynomial with real coefficients. In fact, we 
will see below that this ambiguity is related to the non-trivial quantum monodromies. 

Modular invariance of the full effective action implies that the dilaton should also trans- 
form. Imposing the requirement that duality transformations should be compensated by Kahler 
transformations one finds, 

S^S + J-^^^ + \, (13) 

up to an arbitrary additive axionic shift, A^,. It follows that in the presence of one loop correc- 
tions one can define an invariant dilaton S'inv d], 

^inv = S + ^fru , (14) 

which however is not a special coordinate of iV = 2 Kahler geometry. 

From a direct string computation of the one-loop metric and using eq.(|^), one finds the 
following world-sheet integral representation of dj.f, 

dy = 4vr^7ff^ / d'rC{f) ^ PLPle^^'-'^ e-^l^-l^ , (15) 



PL, PR 



where the integration extends over the fundamental domain of the modular parameter r = 
Ti + iT2, and C is a T- independent modular function of weight —2 with a simple pole at infinity 
due to the tachyon of the bosonic sector. The summation inside the integral extends over the 
left- and right-moving momenta of T^, 

PL = -^=L== {n^ + m^T + m2U + n2TU) (16) 
V2 Iml ImU 

Pr = . ^ = (rii + miT + 171217 + n2TU) (17) 
V2 \mT\mU 



with mi, m2, ni and n2 integer numbers. The r.h.s. of eq. (|15|) is indeed an analytic function of 



T and U , as can be verified by taking derivatives with respect to T or U . Using eqs ([Tq), ([17|), 
one can easily show that the resulting expressions are total derivatives in r and vanish upon 
integration. 

At the plane T = U there are two additional massless gauge multiplets which enhance 
the gauge symmetry to SU{2) ® U{1). They correspond to lattice momenta (|TBp, (|T^ with 
ni = ^2 = and m2 = —mi = ±1, so that Pl = and pr = ±i\^. The gauge group is further 
enhanced at the two special points T = U = i and T = U = p giving rise to 5*0(4) and SU (3), 
respectively. It follows that the one-loop metric (|^) has a logarithmic singularity of the form 
X ~ - \n\T — Ug\ for T close to Ug (7^ i, p) where g is an SL{2, Z)u element (H). As a result, 
the one-loop prepotential behaves as 



/(T, U) --[{cU + d)T - {aU + h)f ln(T - Ug) . {li 



IT 



One can now use duality symmetry to determine /. As mentioned above is a modular 
function of weight 4 in T and —2 in U. Moreover from its integral representation (|l^), it has a 
simple pole at T = U (modulo SL{2,Z)u) with residue (— 2i/7r) in accordance with (|TB|), and 
vanishes as T — * ioo. These properties fix dj^f uniquely to: 

.3. 2z MT) im]iMT)]i m-m .,01 

rrjiT)-m\j{T)j\MU)j\j{T)-j{{)j ' ^ 



where j{T) is the meromorphic function with a simple pole with residue 1 at infinity and a 
third order zero at T = p. 

Along the lines discussed above one can study a model with rank 3. The scalar com- 
ponents of the vector multiplets are the dilaton S and a modulus T which belongs to the 
coset 0(2, l)/0(2). The classical duality symmetry acting on T is 0(2, 1; Z) = SL{2, Z). The 
prepotential is given by: 

F=^ST' + f{T) , (20) 

where f(T) is the one loop correction to the classical prepotential ^ST"^. At generic point in 
the T-moduli space, the gauge group is abelian, namely U{1)^ including the vector partner of 
the dilaton and the graviphoton. However at T = i (mod SL{2, Z)) two extra vector multiplets 
become massless, giving rise to an enhanced gauge group f/(l)^ x SU{2). Consequently the 
one-loop metric must have a singularity of the form. In |T — i\ for T close to i. This in turn 
implies that / must behave as (T — i)^ ln(T — i). 

As in the rank 4 case discussed above, one can construct the Kahler potential starting 
from the prepotential F and check that the requirement that the SL{2, Z) transformations of T 
should be Kahler transformations implies that /(T) transforms with weight —4, up to additive 
terms that are at most quartic in T. 

Under SL{2, Z) duality transformation the one-loop metric must transform covariantly. 
Using the expression for the metric in terms of /, one can easily deduce that id^f is a mero- 
morphic form of weight 6 with respect to T, with a third order pole at T = i and vanishing for 
T — >■ cx). To fix completely idj^f one uses the knowledge of the SU{2) beta function coefficient 
and also the fact that the monodromy group of / must be embeddable in Sp{6, Z) as dictated 
by = 2 supergravity, as we will explain in the following. The result is: 

5+13|l}. (21) 

Expression (^) can be used to verify the heterotic-type II duality conjecture of ref.Q in 
the weak coupling limit, that is the agreement with the prepotential of the type II string 
compactified on the Calabi-Yau threefold Xi2(l, 1, 2, 2, 6). Indeed, after identifying S and T 
with the two (1, 1) moduli of the type II side ti^2 as 5 = 2t2 and T = ti, one can verify the 
agreement, in the large S limit, of the first few terms in the qi = exp27riti expansion of the 
two expressions. 

3. Monodromies of the one-loop prepotential 

Let us now discuss the monodromy group acting on / in the rank 4 case 0. At the 
classical level there is the usual action of the modular group acting on T and U upper half 
planes, namely PSL{2, Z)t ® PSL{2, Z)u- PSL{2, Z)t is generated by the two elements, 

g,: -1/T 92. -1/(T + 1) , (22) 

and similarly PSL{2,Z)u by the corresponding elements g[,g2- These generators obey the 
SL{2, Z) relations 

(gif = (g'lf = {92? = {92? = 1 , (23) 

and the relations implied by the fact that the two PSL(2,Z)'s commute. There is also an 
exchange symmetry generator, namely: 




a: T^U, 



(24) 



which satisfies o"^ = 1. Moreover a relates the two PSL{2, Z)'s via g[ = cgia and g2 = <yg2(T. 
The above relations can be thought of as the relations among the generators of the fundamental 
group of our classical moduli space in the following way: topologically each PSL{2, Z) funda- 
mental domain is a two-sphere S (S") with 3 distinguished points xi {x[), X2 {x'2) and X3 (xg), 
which can be taken to be the images of p and 00 by the j-function. Associated with these 
three points we have generators gi {g[) of the fundamental group of orders 2, 3 and 00 respec- 
tively, subject to the conditions gzg29i = 1 and (y'35'25'1 = 1- The total space is then the product 
of the two spheres S and S' minus {xi} x S' and S x {x^}, i = 1,2,3, and the fundamental 
group of the resulting 4-dimensional space is the product of the fundamental groups of the two 
punctured spheres. Including a, we have the additional relations (?• = crgia and = 1. 

In the quantum case we have singularities at T = U and consequently we must remove 
the diagonal in the product of the two punctured spheres and and the fundamental group of 
the resulting space is a braid group. One can adapt the results of ref.[|T^] to the present case, 
and obtain the following relations: 

939291 = cr^, (91)^ = (92)^ = 1 

9'i = (y'^9i(y 

9io'^g20 = a'^g2crgi 

(^9i(^'^9i = 9i(y'^gi(y. (25) 

The full fundamental group is generated by three elements cr, gi, g2 subject to the above 
relations. In the quantum case cr^ corresponds to moving a point around T = U singularity, 
and it will not be equal to the identity. Notice that if one sets cr^ = 1 one gets back the classical 
relations for the two commuting PSL{2, Z)'s. However in the quantum case 7^ 1 and the 
two PSL{2, Z)'s do not commute anymore. Under o"^, / transforms as following: 

Z,=a^: f{T, U) ^ /(T, U) + 2(T - Uf (26) 

One can explicitly check the non commutativity of T and U duality transformations using the 
integral representation for / given in (^). 

Having the generators and relations of the fundamental group, we will now determine the 
monodromy transformations of the prepotential /. As explained in the previous section, under 
the generators gi, g2 and a, f transforms according to eq.(|TT]) with three corresponding poly- 
nomials V^^, V^^ and , quadratic in T, U with real coefficients. Imposing the group relations 
(|25|) and eq. fpBf) , one can fix these polynomials in terms of 9 parameters which correspond to 
the freedom of adding to / a quadratic polynomial in T, U with real coefficients leaving the 
Kahler potential (|^) invariant. In a particular base choice, one finds: 

-pgi =0 V^^ = 2{T^ - 1) 

V = [T -Uf + {T -U){-2UT + T + U + 2) . (27) 

The full monodromy group G contains a normal abelian subgroup H, which is generated 
by elements Zg obtained by conjugating Zi by an element g which can be any word in the (^j's, 
g'^s and their inverses. Zg corresponds to moving a point around the singularity T = Ug, where 
the prepotential behaves as shown in (p^. A general element of H is obtained by a sequence 
of such transformations and shifts / by: 

f^f + 2Y,Ni{{c,U + d,)T-{a,U + bi)f = f+ c^n^T^U^ N, e Z (28) 



with ai,bi,Ci,di corresponding to some SL{2,Z) elements for each i. Since the polynomial 
entering in (|28| ) has 9 independent parameters Cnm, it follows that H is isomorphic to Z^. 
The set of all conjugations of H by elements generated by gi^s and gf-'s defines a group of 
(outer) automorphisms of H which is isomorphic to PSL{2, Z) x PSL{2, Z), under which Cnm 
transform as (3,3) representation (in this notation the two PSL(2, Z)'s act on the index n,m 
respectively). Moreover, the conjugation by a defines an automorphism which interchanges the 
indices n and m in c„m- Thus the set of all conjugations of H is isomorphic to 0(2, 2; Z), under 
which the c„m's transform as a second rank traceless symmetric tensor. Finally, the quotient 
group G/H is isomorphic to 0(2, 2; Z), therefore G is a group involving 15 integer parameters. 
On the other hand, G is not the semidirect product of 0(2, 2; Z) and H, since 0(2, 2; Z) is not 
a subgroup of G, as it follows from the quantum relations (|25|). Of course for physical on-shell 
quantities the group H acts trivially and therefore one recovers the usual action of 0(2, 2; Z). 

In addition to the above monodromies there is also the axionic shift D, defined in eq.(^, 
and the full perturbative group of monodromies is the direct product of G with this abelian 
translation group. 

The above monodromy group structure is best exploited in a field basis where all mon- 
odromies act linearly |^ . To this end we use the formalism of the standard N=2 supergravity 
where the physical scalar fields of vector multiplets are expressed as Z^ = /X^, in terms 
of the constrained fields X^ and X^. This is a way to include the extra U{1) gauge boson 
associated with the graviphoton which has no physical scalar counterpart. In our case we have 

vs y2 y3 

U^§, ,29) 

and the prepotential (|]) is a homogeneous polynomial of degree 2, F{X^) = {X^YF{S,T,U). 
The Kahler potential K is 

K = - \ogt{X^ Fj - X'Fj) , (30) 

where Fj is the derivative of F with respect to X^ and J = 0, s, 2, 3. This has a generalization 
in basis where Fj is not the derivative of a function F 

Clearly the symplectic transformations acting on {X^ , Fj) leave the Kahler potential in- 
variant. Since the monodromy group leaves K invariant, we expect it to be a subgroup of the 
symplectic group Sp{8). A general symplectic transformation is 



Fi J \c dj \Fj 

where a, b, c, d are 4x4 matrices satisfying the defining relations of the symplectic group, 
a*c — c*a = 0, b*d — d*b = and a*d — c*b = 1. Under this transformation, the vector kinetic 
term hnJ^j^j^N jjT'^'^" transforms as N ^ (c + dA^)(a + bA^)""*^. It follows that for b 7^ the 
gauge coupling gets inverted and therefore in a suitable basis the perturbative transformations 
must have b = 0. When b = the symplectic constraints become d* = a^^ and c = a* with 
c an arbitrary symmetric matrix. In this case, the vector kinetic term changes by C/jImjF^jF'^ 
which, being a total derivative, is irrelevant at the perturbative level. However at the non- 
perturbative level, due to the presence of monopoles, the matrix c must have integer entries. 

At the classical level one can easily verify that the PSL{2, Z)rp transformation (^ (and 
similarly PSL{2, Z)u transformation given by interchanging X"^ with X^ and F2 with F3) acts on 
X^ and Fj by a symplectic matrix, whose entry b is however different from zero. It is therefore 
convenient to perform a change of basis into {X^,Fj), where / = 0, 1,2,3 and X^ = Fg and 
Fi = —X^. In the new basis the tree level 0(2,2; Z) transformations are block diagonal, i.e. 
b = c = and d = a*~\ 



Having found a basis which is appropriate for the perturbative monodromies one can 
proceed to recast the previous discussion about the monodromy transformations of / in a hnear, 
symplectic form and get the symplectic matrices corresponding to the braid group generators. 
We will not give their explicit form here, but just mention their basic features. They have 
b = 0, that is they are of the form: 



a 
a c a 



(32) 



The matrices c turn out to be symmetric and satisfy Trr/c = 0, where rj is the 0(2,2) metric 
rj = diag(cri, -ai). 

The abelian group H introduced in ( PE| ) is generated by symplectic matrices ( |52D with 
a = 1, and 

where Qi can be chosen for instance as PSL{2, Z)rp matrices. These matrices are traceless with 
respect to rj, and depend on 9 integer parameters. They form the 9-dimensional representa- 
tion of 0(2, 2; Z) corresponding to the second rank symmetric traceless tensors, as explained 
previously. 

Finally the axionic shift in the above symplectic basis corresponds to a = 1 and c = — A?7, 
which commutes with the above matrices of G, as expected. The parameter A should also be 
quantized at the non-perturbative level. In this way one generates all possible symmetric 4x4 
lower off-diagonal matrices depending on 10 integer parameters, the trace part being generated 
by f]. The full monodromy group is generated by 4 generators: gi, g2, cr and the axionic shift. 

4. Subgroups of Rigid Monodromies 

At the semiclassical level, one 0(2,2) model embeds four distinct gauge groups: U{1) ® 
f/(l) at a generic point of the moduli space, SU{2) ® U{1) along the T = U line, 5*0(4) 
aX T = U = i, and SU{3) aX T = U = p. We will discuss now the relation between the 
monodromies of the respective N=2 globally supersymmetric (rigid) Yang-Mills theories and 
the superstring monodromy group. 

In the case of gauge group of rank 2, the rigid monodromy group is a subgroup of Sp{4:, Z). 
It is generated by Weyl reflections 

afc = 1 - 2 2 — ' (34) 

where a^, = 1, 2 are simple roots of the gauge group. The corresponding monodromy matrices 
can be written as 

/ afc \ ^ 
Mk = t-i ' Ck = ak®ak. (35) 

a^j / 

In the field basis in which the classical duality 0(2, 2; Z) group is realized as block diagonal 
S'p(8, Z) matrices discussed in the previous section, the surfaces of enhanced symmetries in the 



r2,2 lattice (|T6|-|T7|), = and p\ = 2, are defined by the equation 



PL ^ = + n2'TU + m'^^T + m^'U = , (36) 

for the particular choice of n"' = (rii, n2, mi, 7712)"' G r2,2 obeying nj = 2{nin2 —17111712) = 2. 
These r2 2 vectors represent the root vectors aj of enhanced symmetries corresponding to gauge 



multiplets that become massless on the surface. It is well known that Weyl reflections associated 
with these roots can be represented as 0(2, 2; Z) duality transformations they correspond to 
Weyl reflections (a"*)^j = 6j — n°''-^n°''j in the surfaces (0). In the Table below, we give a list 
of duality transformations and the respective 0(2,2) matrices,^ for Weyl reflections associated 
with the simple roots. 

0(2, 2) embeddings of Weyl reflections 



U 



SU{2) 



u 



so {A) 



n 



a : 



(0,0,1,-1) 

T -^U 

/I 0\ 
10 
1 

Vo 1 0/ 



same as above 



Ct2 



nr = (1,1,0,0) 
g^ag^^: T ^ -1/U 

( 



-1 0\ 

-10 

10 

V 1/ 



T = U 



SU{3) 



same as above 



nT = (1, 


1,0,1) 




1,1,1,0) 




T - 


>-{U + l)/U 


92(^92 ^ 


T 






( ° 


-1 -1\ 




f ° 
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The appearance of massless states at the enhanced symmetry surfaces gives rise to the 
logarithmic singularities which modify the classical monodromies. Near the surface (PB|), the 
singular part of // is 

// = --n>-.X^log(^^). (37) 

The identification of Weyl reflections as duality transformations is very useful if one wants 
to study the embedding of rigid monodromies G S'p(4, Z) of eq. (|35[) into Sp{8,Z), as a 
subgroup of the superstring monodromy group [|l^. The explicit form of the respective matrices 
depends however on the choice of the base point which amounts to the freedom of adding to 
/ a polynomial quadratic in T and U with real coefficients or equivalently, of conjugating the 
monodromy matrices by the elements of the normal abelian subgroup H. One can ask the 

°As usual, these matrices are defined up to an overall multiplication by —1. 



question whether a base exists such that the monodromies associated with Weyl reflections in 
singular surfaces have the form of rigid monodromies of eg. (pSj) . The answer is affirmative. 
Indeed one can change the base from the one used in the previous section and in ref.|§] to the 
new one which corresponds to 

/ ^ /+l + 2r + T^- 2TU - 2TU^ - AT^U + t{TU - if , (38) 
S S + 2U + 4T- 2eTU , 

where e is still a free parameter. It is easy to verify that with an additional dilaton shift 
accompanying a transformation, = 1, the iS'p(8, Z) monodromies associated with Weyl 
reflections a, gitrgi^ and g20'g2^ become precisely of the form of eg. (pSf) , with the 0(2,2) 
matrices a as given in the Table and 

{Ck)ij = 2nfn'''^j . (39) 

Notice that the third 5'f/(3) Weyl reflection g2^(yg2 is not of the above form, similarly to the 
rigid case, where only the Weyl reflections corresponding to the simple roots are of this form 



T9[| . Finally the three Weyl reflections are related by conjugation with the Coxeter element 
g2. Hence the rigid perturbative monodromies associated with all possible enhanced gauge 
symmetries are glued together in superstring theory, embedded in one monodromy group in 
a very natural way. From the above discussion it is clear that this conclusion applies also to 
arbitrary (4,4) compactifications. 

Let us now turn to the guestion of non-perturbative monodromies. As in the rigid case, 
we expect that in the guantum moduli space, the singularities corresponding to enhanced gauge 
symmetries disappear and are replaced by the ones associated to monopole or dyonic states 
that become massless. If we label the dyonic charge by {qi \ g^) where q and g are the electric 
and magnetic charges respectively, then the monodromy due to this state becoming massless is 
given by the following symplectic matrix: 

( \ — q ® q —^q ® g \ , , 

\ 2q®q \ + q®g) ^ ' 

The factors of 2 in the above eguation are due to our normalization of the charge vectors. The 
three singularities associated with the Weyl reflections a, gicrgi^ and g20'g2^ each split into 
two singularities; one corresponding to a pure monopole state and the second that to a dyonic 
state. The pure monopole state carries the magnetic charge g^ = rj^'^n"'' with n"*' defined in the 
Table. The monodromy matrix associated to this monopole is then obtained by substituting the 
magnetic charge in (^Ol) . The monodromy corresponding to the dyonic state can be obtained 
by using the fact that the product of the monodromies associated to the pure monopole and 
the dyonic state eguals the perturbative monodromy corresponding to a^. More explicitly the 
dyonic charges {q,g) are given by qi = n"* and g^ = —rj^'^n'^''. Finally the monodromies for 
the two dyonic states associated with the third SU{3) root 0:3 are obtained by the action of the 
Coxeter element g2- 
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